A review of recent experimental results of Dalitz analyses of charmed meson decays into three-body final states is presented. These analyses can help in understanding the strong interaction dynamics leading to the observed light mesons spectrum (low mass scalar σ, f 0 (980), a 0 (980)). A model for the decay amplitude into such states is very important for the extraction of the angle γ of the CKM unitarity triangle. Implications for such measurement are discussed.
Introduction
A D meson is as a unique "laboratory" to study light quark spectroscopy. It has a well defined spinparity J P = 0 − , constraining the angular momentum of the decay products in multibody final states which can be analyzed with the Dalitz plot technique [1] .
Investigations of the low mass scalar mesons can be pursued in three-body decays of pseudoscalar D mesons giving their large coupling to such states. The nature of such low mass scalar states is still under discussion [2] , since scalar mesons are difficult to resolve experimentally because of their large decay width. There are claims for the existence of broad states close to threshold such as κ(800) and σ(500) [3] . On the theory side the scalar meson candidates are too numerous to fit in a single J P C = 0 ++nonet and therefore alternative interpretations are proposed. For instance, a 0 (980) or f 0 (980) may be 4-quark states due to their proximity to theKK threshold [4] .
These hypotheses can be tested through an accurate measurement of branching fractions and couplings to different final states. In addition, comparison between the production of these states in decays of differently flavored charmed mesons D 0 (cū), D + (cd) and D + s (cs) [5] can yield new information on their possible quark composition. Another benefit of studying charm decays is that, in some cases, partial wave analyses are able to isolate the scalar contribution almost background free.
Results of D 0 Dalitz analyses can be an input for extracting the CP -violating phase γ = arg (−V ud V * ub /V cd V * cb ) of the quark mixing matrix by exploiting interference structure in the Dalitz plot from the decay B ± → D 0 K ± [6] . Modeling of the Kπ and ππ S-wave in D decays is therefore an important element in such measurement, since the systematic uncertainty on γ due to the Dalitz model is dominated by such components [7] . Model independent approaches using special Dalitz charm analyses are discussed and a projected systematic error on γ in future experiments evaluated.
Dalitz analysis formalism
The amplitudes describing D meson weak-decays into three-body final states are dominated by intermediate resonances that lead to highly non-uniform intensity distributions in the available phase space.
Neglecting CP violation in D meson decays, we define the D (D ) decay amplitude A (Ā) in a D → ABC Dalitz plot, as:
The complex quantum mechanical amplitude f is a coherent sum of all relevant quasi-two-body D → (r → AB)C resonances ("isobar model" [8] ), f = r a r e iφr A r (s). Here s = m 2 AB , and A r is the resonance amplitude. The coefficients a r and φ r are usually obtained from a likelihood fit. The probability density function for the signal events is |f | 2 . Submodes branching fractions ("fit fractions") are defined as
The fractions f r do not necessarily add up to 1 because of interference effects among the amplitudes.
For well established resonances of the spin-1 (Pwave) and spin-2 states, the Breit-Wigner amplitude is used
where M 0 (Γ 0 ) is the resonance mass (width) [9] , L is the angular momentum quantum number, p is the momentum of either daughter in the resonance rest frame, and p 0 is the value of p when s = M 2 0 . The function F L is the Blatt-Weisskopf barrier factor [10] : F 0 = 1, F 1 = 1/ 1 + Rp 2 , and F 2 = 1/ 9 + 3Rp 2 + Rp 4 , where we take the meson radial parameter R is usually set to 1.5 GeV −1 [11] . The spin part of the amplitude, M L , is defined
D , where M D is the nominal D mass, and p i is the 3-momentum of particle i in the resonance rest frame.
The A r (s) parameterization of the scalar f 0 (980) resonance, whose mass, m f0 , is close to the KK production threshold, uses the Flatté [12] formula
where g f0ππ and g f0KK are the f 0 (980) coupling constants of the resonance to the ππ and KK final states, and ρ ab (s) = 2p a / (s) is a phase space factor, calculated for the decay products momentum, p a , in the resonance rest frame. A similar formula is used for the a 0 (980) scalar resonance. Different models for the low mass ππ S wave, (called σ or f 0 (600) ) are used. In [3] a simple spin-0 BreitWigner is tried. Alternatively a complex pole amplitude proposed in Ref. [13] can be used
where m σ = (0.47 − i0.22) GeV is a pole position in the complex s plane estimated from the results of several experiments. More comprehensive parameterizations of the low mass ππ S wave has been proposed and tested [14] [15] . A K-matrix approach [16, 17] , which gives a description of S wave ππ resonances treating the σ and f 0 (980) contributions in a unified way has been used giving comparable results to the isobar technique [18] .
3. ππ S-wave.
CLEO-c D
A study of charged D decay to three charged pions has been carried out with the CLEO detector [19] . This mode has been studied previously by E687 [20] , E691 [21] , E791 [3] , and FOCUS [18] .
E791 uses the isobar technique, where each resonant contribution to the Dalitz plot is modeled as a Breit-Wigner amplitude with a complex phase. This works well for narrow, well separated resonances, but when the resonances are wide and start to overlap, solutions become ambiguous, and unitarity is violated. In contrast, FOCUS uses the K-matrix approach. The two techniques give a good description of the observed Dalitz plots and agree about the overall contributions of the resonances. Both experiments see that about half of the fit fraction for this decay is explained by a low π + π − mass S wave.
The CLEO analysis utilizes 281 pb An isobar model is used to parametrize the signal decay where the description of the σ from Ref. [13] and the Flatté parameterization for the threshold effects on the f 0 (980) [12] CLEOc was able to reproduce the fit results E791 [3] . The amplitude normalization and sign conventions are different from E791, in particular the inclusion of a σπ contribution gives a fit probability of ≃ 20%. Possible contributions form all known π + π − resonances listed in Ref. [22] were tried, including high mass resonances giving asymptotic "tails" at the edge of the kinematically allowed region. For the f 0 (980) the Flatté formula, Eq. 5, is used with parameters taken from the recent BES II measurement [23] . For the σ a complex pole amplitude, Eq. 6, was eventually tried rather than the spin-0 Breit-Wigner. Table I shows the list of surviving contributions with their fitted amplitudes and phases, and calcu- lated fit fractions after a procedure of addition and removal of resonances to improve the consistency between the model and data. The sum of all fit fractions is 90.1%, and the fit probability is ≃28% for 90 degrees of freedom. The two projections of the Dalitz plot and selected fit components are shown in Fig. 1 For contributions that are not significant upper limits at the 95% confidence level are set.
The systematic uncertainties, shown in Table I , are estimated from numerous fit variations, by adding or removing degrees of freedom, changing the event selection, and varying the efficiency and background parameterizations.
For the poorly established resonances as the σ pole, their parameters are allowed to float and the variations of the other fit parameters contribute to the systematic errors. The fitted values for the σ pole are Re(m σ ) (MeV/c 2 ) = 466±18 and Im(m σ ) (MeV/c 2 ) = -223±28. + . The f 0 (980) is parametrized with a coupled channel Breit-Wigner [23] and its contribution is large but it is subject to a large systematic error due to the poor knowledge of its parameters and possible a 0 (980) contributions that are difficult to disentangle in the KK projection. Analysis of the angular moment distribution confirms such picture with a big S-wave-P-wave interference in the KK channel in the region of the φ(1020). On the other hand very small activity is present in the K * (892) region suggesting a small Kπ S-wave, and therefore no evidence of a κ(800). 
BaBar
The data sample used in the BaBar D 0 → K 0 K − K + analysis consists of 91.5 fb −1 recorded with the BABAR detector at the SLAC PEP-II storage rings [24] . The PEP-II facility operates nominally at the fpcp07 252 
Υ (4S) resonance, providing collisions of 9.0 GeV electrons on 3.1 GeV positrons. The data set includes 82 fb −1 collected in this configuration (on-resonance) and 9.6 fb −1 collected at a c.m. energy 40 MeV below the Υ (4S) resonance (off-resonance).
Selecting events within ±2σ of the fitted D 0 mass value, a signal fraction of 97.3% is obtained for the 12540 events selected. The Dalitz plot for these Fig. 3 . In the K + K − threshold region, a strong φ(1020) signal is observed, together with a rather broad structure. A large asymmetry with respect to the K 0 K + axis can also be seen in the vicinity of the φ(1020) signal, which is most probably the result of interference between S and P -wave amplitude contributions to the K + K − system. The f 0 (980) and a 0 (980) S-wave resonances are, in fact, just below the K + K − threshold, and might be expected to contribute in the vicinity of φ(1020). An accumulation of events due to a charged a 0 (980) + can be observed on the lower right edge of the Dalitz plot. This contribution, however, does not overlap with the φ(1020) region and this allows the K + K − scalar and vector components to be separated using a partial wave analysis in the low mass
The helicity angle, θ K , is then defined as the angle between the In order to interpret these distributions a simple partial wave analysis has been performed, involving only S-and P -wave amplitudes. This results in the following set of equations [25] :
where S and P are proportional to the size of the Sand P -wave contributions and φ SP is their relative phase. Under these assumptions, the Y 0 2 moment is proportional to P 2 so that it is natural that the φ(1020) appears free of background, as is observed. This distribution has been fit using the following relativistic P -wave Breit-Wigner, yielding the following parameters: The above system of equations can be solved directly for S 2 , P 2 and cos φ SP and corrected for phase space distribution. The phase space corrected spectra are shown in Fig. 4 .
The distributions have been fitted using a model with φ(1020) for the P-wave , a scalar contribution in the K + K − mass projection entirely due to the a 0 (980) 0 , K 0 K + mass distribution is entirely due to a 0 (980) + and the cos φ SP described with BW models. The a 0 (980) scalar resonance has a mass very close to theKK threshold and decays mostly to ηπ. It has been described by a coupled channel Breit Wigner of the form:
where ρ(m) = 2q/m while g ηπ and gK K describe the a 0 (980) couplings to the ηπ andKK systems respectively.
The best measurements of the a 0 (980) parameters come from the Crystal Barrel experiment [26] , in pp annihilations, with a value of gK K = 329 ± 27 (MeV) 1/2 . m 0 and g ηπ have been fixed to the Crystal Barrel measurements, but gK K , on the other hand, has been fit (stat only) gK K = 464 ± 29 (MeV) 1/2 . The determination of gK K has been redone in a complete Dalitz plot analysis with an evaluation of the systematic error. The fit produces a reasonable representation of the data for all of the projections. The χ 2 computed on the Dalitz plot gives a value of χ 2 /N DF =983/774. The sum of the fractions is 130.7 ± 2.2 ± 8.4%. The regions of higher χ 2 are distributed rather uniformly on the Dalitz plot. Attempts to improve the fit quality by including other scalar amplitudes caused the fit to diverge, producing a sum of fractions well above 200% along with small improvements of the fit quality.
The final fit results showing fractions, amplitudes and phases are summarised in Table III 
Kπ S-wave
The K ± π 0 systems from the decay D
can provide information on the Kπ Swave (spin-0) amplitude in the mass range 0.6-1.4 GeV/c 2 , and hence on the possible existence of the κ(800), reported to date only in the neutral state (κ 0 → K − π + ) [3] . If the κ has isospin 1/2, it should be observable also in the charged states. 
BaBar
δ(s) = cot
, (8) where M 0 (Γ 0 ) refers to the K * 0 (1430) mass (width), a = 1.95 ± 0.09 GeV The D 0 decay to a K − K + S-wave state is described by a coupled-channel Breit-Wigner amplitude for the f 0 (980) and a 0 (980) resonances, with their respective couplings to ππ, KK and ηπ, KK final states [12] ,
. (9) Several models are used incorporating various combinations of intermediate states. In each fit, the K * (892) + is included and the complex amplitude coefficients of other states relative to it is measured.
The LASS Kπ S-wave amplitude gives the best agreement with data and it is uses it in the nominal fits. The Kπ S-wave modeled by the combination of κ(800) (with parameters taken from Ref. [29] ), a nonresonant term and K * 0 (1430) has a smaller fit probability (χ 2 probability < 5%). The best fit with this model (χ 2 probability 13%) yields a charged κ of mass (870 ± 30) MeV/c 2 , and width (150 ± 20) MeV/c 2 , significantly different from those reported in Ref. [29] for the neutral state. This does not support the hypothesis that production of a charged, scalar κ is being observed. The E791 amplitude [30] describes the 
Combining the results of models I and II, we find
• (syst) and r D = 0.599 ± 0.013 (stat) ± 0.011 (syst). These results are consistent with the previous measurements [31] 
• (syst) and r D = 0.52 ± 0.05 (stat) ± 0.04 (syst). The measurement of r D and δ D is a prerequisite to extract the CKM angle γ from the analysis of B ∓ → D 0 K ± decays [32] , where the symbolD 0 indicates ei-
+ as we will see in more detail in the next Section.
Dalitz model and CKM γ extraction
Assuming no CP asymmetry in D decays the (11), respectively, and the angle γ can be extracted.
Since the measurement of γ arises from the interference term in Eq. (11), the uncertainty in the knowledge of the complex form of A D can lead to a systematic uncertainty. [22] , while the pole masses and scattering data are from [34] . The fit fraction is defined for the resonance terms (ππ S-wave term) as the integral of a In the Breit-Wigner model a set of several twobody amplitudes is used, including five Cabibboallowed amplitudes:
, their doubly Cabibbo-suppressed partners, and eight channels with a K 0 S and a ππ resonance: ρ, ω, f 0 (980), f 2 (1270), f 0 (1370), ρ(1450), σ 1 and σ 2 . The BreitWigner masses and widths of the scalars σ 1 and σ 2 are left unconstrained, while the parameters of the other resonances are taken to be the same as in [33] . The parameters of the σ resonances obtained in the fit are as follows: M σ1 = 519 ± 6 MeV/c 2 , Γ σ1 = 454 ± 12 MeV/c 2 , M σ2 = 1050 ± 8 MeV/c 2 and Γ σ2 = 101 ± 7 MeV/c 2 (the errors are statistical only). The alternative model is based on a fit to scattering data (Kmatrix [34] ) used to parametrize the ππ S-wave component. This variation is used to estimate the model systematic uncertainty on γ since it gives an equally good fit to data.
The error due to the resonance model can be avoided by using the model-independent γ measurement proposed in [6] . In this approach, the Dalitz plot is partitioned in bins symmetric with respect to the π + π − axis. Counting the number of events in such bins from entangled D decay samples, in addition to the already utilized flavour-tagged D decay samples, can determine the strong phase variation over the Dalitz plot. For this the data of a τ -charm factory is needed. Using also a similar sample where both mesons from the ψ(3770) decay into the K 0 π + π − state provides enough information to measure all the needed hadronic parameters in D decay up to one overall discrete ambiguity (this can be resolved using a Breit-Wigner model). CLEO-c showed that with the current integrated luminosity of 280 pb −1 at the ψ(3770) resonance, these samples are already available.
With the luminosity of 750 pb −1 , that CLEO-c should get at the end of its operation, the samples will be respectively about 1000 and 2000 events. Using these two samples with a binned analysis and assuming r B = 0.1, a 4 o precision on φ 3 could be obtained [35, 36] .
Conclusions.
Charm meson multi-body decays are crucial to determine light strong interaction bound states. The nature of such mesons is still unclear, but more information is emerging from high statistics Dalitz analysis of D decays. In the future multi-channles analyses may be the way to go to identify underline structure of the light mesons. For instance a measurement of the couplings of the S-wave in various D s decays can help in interpreting the f 0 (980) as two di-quark bound states [37] . Determining the decay dynamic of charm mesons is relevant for method to extract the CKM angle γ in B decays as B + → D 0 K + . The effect of the knowledge of the strong phase variation in charm meson decay translates into a model systematic error on the γ value. Model dependence can be removed if special sample of D meson charm decays in quantumcoherent states will be available, bringing down the model error on γ to few degrees. 
